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ON THE LEADING TERM OF THE EIGENVALUE VARIATION FOR 
AHARONOV-BOHM OPERATORS WITH A MOVING POLE 

LAURA ABATANGELO, VERONICA FELLI 


Abstract. We study the behavior of eigenvalues for magnetic Aharonov-Bohm operators 
with half-integer circulation and Dirichlet boundary conditions in a planar domain. We 
analyse the leading term in the Taylor expansion of the eigenvalue function as the pole 
moves in the interior of the domain, proving that it is a harmonic homogeneous polynomial 
and detecting its exact coefficients. 


1. Introduction 


Completing the analysis performed in [T], we deepen the investigation of the behavior 
of eigenvalues for the magnetic Aharonov-Bohm operator with half-integer circulation and 
Dirichlet boundary conditions in a planar domain. We refer to m, m, m, and [8] for moti¬ 
vations and references to previous related literature. 

For every a = ( 01 , 02 ) E the Aharonov-Bohm vector potential with pole a and circula¬ 
tion 1/2 is defined as 


Aa{xi,X2) = 1 


-{x2 - 02) 


Xl — Ol 


{xi,X 2 ) G \ {o}. 


{xi - Oi )2 -h (X2 - 02)2’ (xi - Oi )2 -h {X2 - 02)^, 

Let D C be a bounded, open and simply connected domain containing the origin. For 
every o G D, we introduce the functional space R^’“(D,C) as the completion of 

{u G C) n C) : u vanishes in a neighborhood of o} 


with respect to the norm 




2 , II ||2 , 

L2(n,c2) + \m\L^{n,c) + 


1/2 


\x-a\ IIl2(U,C), 

which, in view of the Hardy type inequality proved in [5] (see also [3l Lemma 3.1 and Remark 
3.2]), is equivalent to the norm 


iV 


+ + ll^llL2(n,C) ) 


\l/2 


We denote as Rq’“(D, C) the space obtained as the completion of (^“(D/ {a}, C) with respect 
to the norm || • ||//i(o,c)- 
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{Ea 


For every a G ^2, we say that A G M is an eigenvalue of the problem 

j (iV + Aa)‘^u = Art, in fl, 


u = 0, 

rl,a. 


on 


90, 


in a weak sense if there exists u G Hq (0,C) \ {0} (called eigenfunction) such that 
/ {iVu + Aau) ■ {iV V + Aav) dx = X / uvdx for all u G FfQ’“(0,C). 

Jo, Ju 

From classical spectral theory, the eigenvalue problem (-Ea) admits a sequence of real diverging 
eigenvalues {A^}fc>i with finite multiplicity; in the enumeration A“ < A 2 < • • • < A“ < ... 
each eigenvalue is repeated as many times as its multiplicity. We are interested in the behavior 
of the function a i-A A“ in a neighborhood of a fixed point 6 G 0; without loss of generality, 
we can consider 6 = 0 G O. 

Let us assume that there exists no > 1 such that 

(1) A°g is simple, 
and denote 

Ao = A0„ 

and, for any a G O, 

Aa = A“„. 

In [6l Theorem 1.3] it is proved that, for all j > 1 such that assumption ([1]) holds true, the 
function a 1 —)• A“ is analytic in a neighborhood of 0. In particular a 1 —)• A“ is continuous and, 
if a —)• 0, then 

(2) Aa —>■ Aq. 

Let (po G Hq (II, C) \ {0} be a L^(n, C)-normalized eigenfunction of problem (-Eq) associated 
to the eigenvalue Aq = A^^^, i.e. satisfying 

(zV + AofpQ = Xqpq, in Q, 

(3) < (/?o = 0, on 9n, 

Jn\MxTdx = 1 . 

From [21 Theorem 1.3] (see also |8l Theorem 1.5] and [H Proposition 2.1]) it is known that 


( 4 ) 


k 

Pq has at 0 a zero or order — for some odd /c G N, 


and there exist /3i,/32 G C such that (/3i,/32) / (0,0) and 

■ f . f 

'k 


(5) r ^^‘^(po{r{cost,smt))^f3i^-=cos(-t)+f32—^sin(-t) in C'^’’'([0,27r], C) 

V TT \ 2i / \/ TT \ L / 


as r —>• O"'' for any r G (0,1). We recall that, by |1] (see also O Lemma 2.3]), the function 
e“®2(/9o(r(cost,sint)) is a multiple of a real-valued function and therefore either /3i = 0 or ^ 
is real. Then pQ has exactly k nodal lines meeting at 0 and dividing the whole angle into k 
equal parts; such nodal lines are tangent to the k half-lines {(t,tan(ao + Jx)^) • ^ > O}, 
j = 0,1,... , A; — 1, where 


( 6 ) 


ao = 


^ j I arccot ( - , if /3i / 0, 

0, if A = 0. 
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At a deeper study, the rate of convergence of Aq to Aq is strictly related to the number of 
nodal lines of (pQ ending at 0. First results in this direction are proved in [2], in which the 
authors provide some estimates for the rate of convergence ([2]). A signihcant improvement of 
these studies is obtained in [T], where sharp asymptotic behavior of eigenvalues is provided 
as the pole is approaching an internal zero of an eigenfunction pQ of the limiting problem (|5|) 
along the half-line tangent to any nodal line of (/?o; more precisely, in [TJ Theorem 1.2] it is 
proved that, under assumptions ([U and dU, the limit 


( 7 ) 


Ao — Aa 
iim j—rr 

|a|^0+ lap 


is finite and strictly positive as a —>■ 0 tangentially to a nodal line. 


More precisely, the above positive limit can be expressed in terms of the value trifc dehned as 
follows. Let So be the positive half-axis sq = [Oj+oo) x {0}. For every odd natural number k, 
the function 


( 8 ) 


cos t, r sint) 


= sin 



r > 0, t E [0, 27r], 


is the unique (up to a multiplicative constant) function which is harmonic on \ sQ) homo¬ 
geneous of degree /c/2 and vanishing on sq. Let s := {(xi,X 2 ) € : 2:2 = 0 and xi > 1}, 

K+ = {(xi, X 2 ) G : X 2 > 0)}, and denote as Ps’^(]R^) the completion of \ s) under 

the norm By standard minimization methods, the functional 

Jfc : M, Jfc(ti) = i / \Vu{x)\^ dx - f a(xi, 0)|^(xi, 0) dxi, 

2 Ja^Ws 0 x 2 


achieves its minimum over the whole space at some function E i.e. 

there exists Wk E such that 

(9) mfc = rnin Jk{u) = Jk{wk)- 

•uech (K+) 

We notice that 

( 10 ) xnk = Jk{wk) =-\ ( \Vwk{x)\‘^ dx =-]- [ ^^(xi, 0 ) Wfc(xi, 0 ) dxi < 0 , 

2 2 7o 0x2 

where, for all xi > 0, (xi, 0) = hmi^o+ In [T] it is proved that 

the limit in ([7|) is equal to —f(|/3ip -|- |/32p)nrA: with (/3i,/32) / (0)0) being as in ([5]). 

From [U Theorem 1.2] we can easily deduce that, under assumptions ([I]) and (jl]), the 
Taylor polynomials of the function a 1 —>• Aq — Aa with center 0 and degree strictly smaller than 
k vanish. 


Lemma 1.1. Let C he a bounded, open and simply connected domain such that 0 E 
and let no > 1 be such that the UQ-th eigenvalue Aq = A^^^ of (zV -|- Aq)^ on Q is simple with 
associated eigenfunctions having in 0 a zero of order kj^ with /c E N odd. For a ^ LI let 
Aa = A“jj he the no-th eigenvalue of (zV -|- Aa)^ on 12. Then 

Aq — Aa — F^(a) “t“ o(|a|^), as |a| —y 0”^, 


(11) 
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Figure 1. a = |a|(cosa,sina) approaches 0 along the direction determined 
by the angle a. 


k-ji 


for some homogeneous polynomial P ^ 0 of degree k 

k 

(12) P(a) = P(ai,a2) = 5^. 

i=o 

The aim of the present paper is to detect the exact value of all coefficients of the polynomial 
P (and hence the sharp asymptotic behavior of Aq — Aq as a —)• 0 along any direction, see 
Figure [I]). 

Theorem 1.2. Let C he a bounded, open and simply connected domain such that 0 G 
and let uq > 1 be such that the UQ-th eigenvalue Aq = A^^ of (iV + on is simple with 
associated eigenfunctions having in 0 a zero of order k/2 with fc G N odd. For a ^ LI let 
= A“p be the n^-th eigenvalue of {iV + Aa)'^ on fl. Let a G [0, 27r). Then 

Ao — Ad 


where oq is as in 


A Cq cos {k{a — oo)) 
and 


as a ^ 0 with a = |a|(cosa,sina), 


Cq — 4 _ 


TT 


with {Pi, 132 ) / (0,0) as in ([5]) and rtiA; as in (l^- (fT0ll . 

Remark 1.3. By Theorem 11.21 it follows that the polynomial (11211 of Lemma o is given by 

P(|a|(cos a, sin a)) = Co|a|^ cos(A:(a — oq))- 

Hence 

P{ai,a2) = Co me (e-*^“°(ai + ias)^), 
thus yielding AP = 0, i.e. the polynomial P in (|11|) - (|12|) is harmonic. 


The proof of Theorem ll.2l is based on a combination of estimates from above and below of 
the Rayleigh quotient associated to the eigenvalue problem with a fine blow-up analysis for 
scaled eigenfunctions 

Ta{\a\x) 

which gives a sharp characterization of upper and lower bounds for eigenvalues, as already 
performed in [T]. Nevertheless, differently from [T], in the general case of poles moving along 
any direction, we cannot explicitly construct the limit profile of the above blow-up sequence. 
Such a difficulty is overcome studying the dependence of the limit profile on the position of the 







EIGENVALUE VARIATION FOR AHARONOV-BOHM MOVING POLE 


5 


pole and the symmetry/periodicity properties of its Fourier coefficient with respect to a basis 
of eigenvectors of an associated angular problem: such symmetry and periodicity turn into 
some symmetry and periodicity invariances of the polynomial P. A complete classification of 
homogeneous fe-degree polynomials with such periodicity/symmetry invariances allows us to 
determine explicitly the polynomial P thus concluding. 

The paper is organized as follows. Section [5] is devoted to recall some known facts and 
introduce some notation. In section [3] we prove sharp asymptotics for Aq — Xa in dependence 
of the angle a. In section 2] we describe some symmetry properties of the sharp asymptotics, 
which allow us to prove Theorem 11.21 in section 0 


2. Preliminaries 

In this section we present some preliminaries as needed in the forthcoming argument. 

2.1. Change of coordinates. As already highlighted in [H Remark 2.2], up to a change of 
coordinates (a rotation), it is not restrictive to assume in (l5|) that 

(13) /3i = 0. 

Under condition (fT3)) . we have that oq = 0 and one nodal line of (^o is tangent the xi-axis. 


2.2. Polar eigenfunctions. The limit function in ([5|) is an eigenfunction of the operator 

Qtp = —Ip" + ip' + 

acting on 27r-periodic functions. The eigenvalues of £ are j G N, j is odd}; moreover 
■ 2 

each eigenvalue ^ has multiplicity 2 and the functions 

i— ■ i— 

(14) p{{t) = V'^(t) =-^sin 

form an L^((0, 27r), C)-orthonormal basis of the eigenspace associated to the eigenvalue 

2.3. Angles and approximating eigenfunctions. As in [2], for every a G [0,27r) and 
h = ( 6 i, 62 ) = \b\ (cos a, sin a) G \ {0}, we define 

(15) 0b : \ { 6 } \a,a + 27 t) and 0 q : \ {0} —[a, a + 27r) 

such that 

9b{b + r(cost, sint)) = t and 0Q(r(cost, sinf)) = t, for all r > 0 and t G [a, a + 27r). 
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E.g. if 6 i > 0 and 62 > 0 the functions 6 b and 9q are given by 


(16) 


6b{xi,X2) 


6o(xi,X2) 


arctan w, 

Xi — Oi ’ 


if 

Xl 

> 

bi, 

X2 > 


TT 

2 ’ 


if 

Xl 

= 

bi, 

X2 > 

b2, 

TT -|- arctan , 

Xl—Ol ’ 


if 

Xl 

< 

bi, 



fTT, 


if 

Xl 

= 

bi, 

to 

A 

b2, 

271 -|- arctan 

1 

if 

Xl 

> 

bi, 

X2 < 


arctan ^, 

if 

Xl 

> 

0, 

X2 

IV 

TT 

2 ’ 

if 

Xl 

= 

0, 

X2 

>0, 


TT -|- arctan ^, 

Xl ’ 

if 

Xl 

< 

0, 




Itt, 

if 

Xl 

= 

0, 

X2 

<0, 


27r -|- arctan ^, 

X\ ’ 

if 

Xl 

> 

0, 

X2 



We notice that 6 b and 6 q are regular except on the half-lines 

Sb := {tb : t > 1 }, Sq := {tb : t > O}, 

respectively, whereas the difference 6 q — 6 b is regular except for the segment {tb : t G [0,1]} 
from 0 to 6. 

We also define 

0o:M2\{O}^ [0,271) 


as 


(17) 


do{xi,X2) 


arctan —, 

Xl ’ 

if 

Xl 

> 

0, 

X2 

> 

TT 

2 ’ 

if 

Xl 

= 

0, 

X2 

> 

TT -|- arctan —, 

Xl ’ 

if 

Xl 

< 

0, 



§71, 

if 

Xl 

= 

0, 

X2 

< 

271 -I- arctan ^, 

Xl ' 

if 

Xl 

> 

0, 

X2 

< 


SO that 6 * 0 (cost,sint) = ^[((cost,sint) = t for all t G [0,27r) and 60 is regular except for the 
half-axis {(xi, 0 ) : xi > 0 }, whereas the difference 


(18) 


(6 q — 60 ) (r cos t, r sin t) 


0, if t G [a, 27r), 
271, if t G [0, a). 


Let us now consider a suitable family of eigenfunctions relative to the approximating eigen¬ 
value Afl. For all a £ Q, let tpa G Hq°'{Q,C) \ {0} be an eigenfunction of problem dEgD 
associated to the eigenvalue Xa, i.e. solving 


(19) 


(fV Aa)'^iPa = Xa^a, m XI, 
(fa = 0, on dXl, 


such that 

(20) / \(pa{x)\'^ dx = 1 and 

Jn 


/ ^ 2(^0 ^A(A(p^(^x)ipo(x) dx is a positive real number, 

Jn 
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where (/?o is as in ([3]). From ([I]), ([3]), (fT^ . (pUjl . and standard elliptic estimates, it follows that 
^ ‘fo in and in \ {0},C) and 

(21) (iV + Aa)^Pa (iV + Aq)ipq in L^(n,C). 

2.4. Limit profile in dependence on a. A key role in the proof of our main result is 
played by a suitable magnetic-harmonic function in which will turn out to be the limit of 
blowed-up sequences of eigenfunctions with poles approaching 0 along the half-line starting 
from 0 with slope tana. 

For every p E R^, we denote as Pp^(R^, C) the completion of C')?°(R'^\{0}, C) with respect 
to the magnetic Dirichlet norm 




|(iV + Ap)u(x)|' 



We recall from [5] that functions in T>^ 


1,2 


C) satisfy the Hardy type inequality 


|(iV -I- Ap)uf dx > - 


r |u(x)|^ 
/r2 \x - p|' 


■ dx; 


furthermore (see also O Lemma 3.1 and Remark 3.2]) the inequality 

|(iV-I-Ap)up dx > - [ „ dx, 

(P) 4^^(p)|x-p|^ 

holds for all r > 0 and u E {Dr{p),C), where Dr{p) denotes the disk of center p and 

radius r. 



Proposition 2.1. Let a E [0,27r) and p = (cos a, sin a). There exists a unique function 
'kp E Hy^^{M?,C) such that 

(22) (iV -|- Ap)^'kp = 0 in R^ in a weak H^’^-sense, 
and 

(23) / |(iV -I- Ap)(4'p — e2(^p“®o)e2®o^^)|^ dx < -1-00, for any r > I, 
where Dr = 11^(0). 

Proof. Let r/ be a smooth cut-off function such that r/ = 0 in Di and r/ = 1 in R^ \ Dr for 
some i? > 1. We observe that 

F = - 2iV?? • (iV -b Ap) 

= -(iV + Ap)2(^r/e5(®p-®o)e^^°V’A:) G (Pp’^(R^C))*. 

Hence, via Lax-Milgram’s Theorem there exists a unique solution g E Pp^(R^, C) to problem 

{i^ + Apfg = F, in (p;,’2^r2,C))*. 

The function Tp = g + satisfies (1^21) and (f25|l . 

To prove uniqueness, it is enough to observe that, if two function 'kp,'I'p E ddj^’^(R^,C) 
satisfy (|2^ and (f23t) . then their difference Tp — Tp belongs to the space Pp^(R^,C) (see 
[H Proposition 4.3]); since (iV + Ap)^('I'p — Tp) = 0 in (Pp^(R^,C))*, we conclude that 
necessarily ikp — Tp^O. □ 
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Remark 2.2. We observe that from [3l Theorem 1.5] it follows easily that 
Tp — = 0 {\x\~^^‘^), as jxj —+oo. 


3. Sharp asymptotics for Aq — Xa in dependence on a 

As in [T], the argument relies essentially on the Courant-Fisher minimax characterization 
of eigenvalues. The asymptotics for eigenvalues is derived by combining estimates from above 
and below of the Rayleigh quotient, obtained by using as test functions suitable manipulations 
of eigenfunctions. In this way, we prove upper and lower bounds whose limit as o —)• 0 can be 
described in terms of the limit profile constructed in Proposition 12.11 

For all 1 < i < no and a £ Q, let (pj E \ {0} be an eigenfunction of problem 


( IFlaD associated to the eigenvalue A“, i.e. solving 

f (iV + 


< = 0 , 


in n, 
on cAl, 


(24) 
such that 

(25) f \p>’j{x)\^ dx = 1 and f (/j“(x)(^“(x) dx = 0 if j 7 ^ £. 

Jq J q. 

For j = no, we choose 

( 26 ) = ipai 

with (fa as in (fT^ - (l20l) . 

3.1. Rayleigh quotient for Aq. We revisit [U Subsection 6.2], whose main strategy does 
not differ in this case; however, it is worth presenting here the key points, in order to highlight 
the dependence of the result on the position of the blown-up pole. 

By the Courant-Fisher minimax characterization of the eigenvalue A^, we have that 


(27) Aa=min< max 


l(iV -b Aa)u\'^ dx 


ieF\{o} \u\‘^ dx 


: F is a subspace of dimF = no|. 


Let R> 2 and a E [0,27r). For a = jaj(cosQ;, sina) with jaj sufficiently small, we consider the 
functions Wj^R^a defined as 


wTn in n \ F 




R|a|) 


R|a|) 


j = 1 ,... ,no. 


where 


with as in 


:= mn\D 


ij|a|) 


with a = 0 , so that it solves 


■ (zV + in H \ , 

on d{n\DR\a\), 
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whereas ^ is the unique solution to the minimization problem 
l(*V + 

l(iV + Aa)u{x)\^dx : u E ,C), u = dDR\^\ 


ID 


H|a| 


= mm 


ID 


H|a| 


thus solving 


(iV + = 0, in Dr\^\ , 

= ei(^“-'^o)y,o onSDffld. 


int 


'^j,R,a - ^ ' 'Pi ) •~'^R\a\ ■ 

Following the argument in [H Subsection 6.2], letting p = (cos a, sin a), we now define the 
function wr as the unique solution to the minimization problem 


/. 


|(fV + Ap)wr{x)\‘^ dx 


(28) 


= min < / \{i'S/+ Ap)u{x)\^ dx ■. u E C), u = ^o)e 2 ^°Yk on SDr 

[Jdr 

which then solves 

(iV + Ap^WR = 0, in Dr, 

^WR = on ODr. 

We also introduce the following blow-up sequences as in [T]: 

As in [T], under assumptions ([3]) and (1131) . from [3l Theorem 1.3 and Lemma 6.1] we have 
that 

(30) Wa l3e^^°Yk as |a| —0 

in H^’^{Dr,C) for every R> 1, where ipk is defined in ([8|) and 

(31) /3 := 4= 

/TT 


with /32 as in ([5]). On the other hand, we now meet the following differences with respect to 
the case a = 0 studied in [1] : 

• By the Dirichlet principle and (|3nD . we have that 

\{iV + Ap){U^ -/3wR)f dx 


'Dr 


< 


dx 


[ {iV + Ap){rjRe^2d'^-^E)(Wa - 

Jdr 

[ \Vm\^\Wa-Pei^°Ykfdx 

JDr 

+ Ao){Wa - /3e^^°'ipk)fdx = o(l) as |a| -)■ 0+, 


< 2 
+ 2 


' Dr\Dr/2 
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where ry/j ; —>■ R is a smooth cut-off function such that 

r]R = 0 in Dji/2, Vr = 1 on \ Dr, |Vryij| < 4/ii in R^. 

Hence, for all R> 2, (3wr in H^'^{Dr,C) as o = |a|p —>■ 0, where j5 is defined 

in (13T]) . 

• For every r > 1, wr —> ifp in as R ^ -|-oo. This follows as in the proof 

of [U Lemma 6.5] up to suitable obvious modifications and taking into account (f23]l 
and Remark 12.21 

Taking into account what observed above and using (after a Gram-Schmidt normalization) 
the functions Wj,R,a as test functions in the Rayleigh quotient, we can argue as in [U Lemma 
6.6] to obtain the following estimate. 

Lemma 3.1. For a G [0,27r) and a = |a|(cosa,sina) G let Aq G R and (fa G Hq'^{Q,C) 
solve Iil9^20\} and Aq G R and (po G LfQ’°(H,C) solve dSj). If and © hold and (US]) is 
satisfied, then, for all R> R and a = |a| (cos a, sin a) G H, 

-^0 ^ / \ 

I Ifc > gR{a) 

where 

lim gR{a) = i\/3\'^KR, 

\a\^0 

with fi as in (EH) and 

(32) hR = [ (e~^^Pei^^o~^°\iV + Ap)wR-n - {iV)fik ■ Afi’kds 

JdDn ^ ' 

being p = (cos a, sin a) and fik as in Q. 

Proof. The proof follows exactly as in [U Lemma 6.6], so we omit it. □ 

For any ii > 1 let us introduce the following Fourier-type coefficient 

I‘27V _ 

(33) VR{r):= cost, r sin t)e^^ oncost,r sin rG[l,i?], 

Jo 

with V ’2 defined in (fTTll . 

Lemma 3.2. For any R> 1 the function vr defined in (|33l) satisfies 

(34) in{l,R), 
for some cr & C. 


Proof. To prove (|34p it is enough to show that 

J ( “ = 0) for all ry G (^“(l, i?). 

By (l28l) . it is easy to see that the function u{x) := e~^^^^^'^WR{x) is harmonic in Dr \ Sp. Let 
us consider an arbitrary function ?y(r) G C'^{1,R) and the function 


9{t) ■= 


62 




TT 


0o) (cost,sin t) 


sin(|t) 


-^sin(|t) tG[0,a) 

^sin(|t) tG[a,27r). 
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Testing equation —Au = 0 with v{r cost,rsmt) = rj{r)g{t) in Dr \ Sp, integrating by parts 
and observing that both v and Vn jump across Sp, we obtain that 

0 = / / {rdru(r cost,r smt)rj'(r)g(t)-\ - g'(t)dtu(r cost,r s'mt)] dt ] dr 

dtu{r cos t,r sin t)g'(t) dt^ dr 

= —J (j]{r)v'j^{r) + rg{r)v'^{r)^ dr + J dtu{r cos t,r sin t)g'(t) dt^ dr. 

A further integration by parts yields 


/*27r P'ZTT 

/ dtu{r cos t,r sin t)g'(t) dt = — / u{r cos t,r sin t)g''(t) i 

Jo Jo 

+ (7^_(27r)tt(r cos(27r“),rsin(27r“)) — 5 ^(Q;)rt(r cos(a'''), r sin(a^)) 
+ 5 '^_(a)ir(r cos(Q;“),rsin(a“)) — (j(^(O)ii(r cos(0'''), r sin(0''')) 


f27r 


I dt 


n27T 

/ u{r cos t,r sin t)g''{t) dt = 

Jo 


4 


1-217 




u{r cost,r sint)g{t) dt = 


in view of the fact that 5 +( 0 ) = 5r'_(27r), g'^{a) = —g'_{a), and 

lim u{r cos{t), r sin{t)) = — lim u{r cos{t), r sin{t)). 

t—>-a+ t^a- 

The conclusion then follows. 


□ 


For a E [0, 27r) and p = (cos a, sin a), let us define the following Fourier-type coefficient of 
the limit profile Tp 

p27V _ 

(35) ^p(r-):=/ e-t®p("“‘^'’''"“‘)Tp(rcost,rsint)et®o(''"“'’^^“*V2 W ^>1. 

Jo 

Lemma 3.3. Let Rr he as in (1321) . Then 


lim Rr = - Cp{l)), 

R-^-\-oo 

where Cp(r) is defined in 

Proof. Arguing as in the proof of [U Lemma 6.7], integrating (1341) and taking into account 


the boundary condition in (1281) . we obtain that 

?k rz E>fc 


VR{r) = ^ ^ \k _ 1 - ^ — V - 1 ’ ^ 

By differentiation of the previous identity, we obtain that 


^ ^ 


(30 — 

On the other hand, differentiation in (|33p yields 


( 37 ) 


vfiir) = - ^—r ^ 2 / e 2(®p ®o)(iV + Ap)uiij • i^e 

V 71 JdDr 
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Combination of pHli . (1371) and (l32]l yields that 

ik^R^ ^ ^ 

^R= ^fc_i (V7r-uj;(l)). 

We conclude by letting R —>■ +oo, since the convergence wr —)• in as R^ +oo 

implies that lim^^+oo Uij(l) = Cp(l)- □ 

Combining the results of Lemmas 13.11 and 13.31 we have that 

(38) Ao - Aa > |o|^A;|/3|^0r(^^p(l) - y/n + o(l)^ 
as a = |a|p —)• 0. 

3.2. Blow-up analysis and Rayleigh qnotient for Aq. In order to prove even an upper 
bound for the difference Aq — A^ we refer this time to [H Subsection 6.1]. Differently from 
what occurs in [T], when the direction along which a —>• 0 is not a nodal line of the 
value (Cp(l) — -vA") can have any sign (and vanish along some directions); this does not allow 
deriving the exact asymptotic behavior of the normalization term in the blow-up analysis 
from estimates of the Rayleigh quotient from above and below as done in [T]. On the other 
hand, from [T] we can derive Lemma o and hence a control on the size of the eigenvalue 
variation along any direction. 

The proof of Lemma ll.il is based on the following result (see also [21 Lemma 6 . 6 ]). 

Lemma 3.4. Let Q{xi,X 2 ) = a homogeneous polynomial in two variables 

xi,X 2 of degree at most h E N. If there exist 9 E [0,27r) and an odd natural number k such 
that k > h and 

(39) Q(^cos (0 + j^),sin (0 + = 0, for all j = 0,1, ..., k - 1, 

then Q = 0. 

Proof. Up to a rotation, it is not restrictive to assume that 6 = 0. If xi 7 ^ 0, we can write Q 
as 

h 

Q{xi,X 2 ) = XiQ{^), where Q{t) = '^^Cjt^~P 

j=0 

Since k is odd, we have that cos 7 ^ 0 for all j = 0,1,... ,k — 1. Then, from assumption 

it follows that Q[tan (jx)) = 0 for all j = 0,1,... , A; — 1. Since k is odd, we also have 
that tan (jx) ^ (^x) P ^ ^ 1,... , A: — 1} with j 7 ^ i. Hence Q has k distinct 

zeros. Since Q is a polynomial of degree at most h and h < k, from the Fundamental Theorem 
of Algebra we conclude Q = 0, i.e. Cj = 0 for all j = 0,1,..., A: — 1. Hence Q = 0. □ 

Proof of Lemma UPH Since the function a = (ai, 02 ) i-a Aq — Aa is C°° in a neighborhood of 
0 (see [21 Theorem 1.3]), it admits a Taylor expansion up to order k of the form 

k 

Aq - Aa = ^^,( 01 , 02 ) + o{\a\^), as Jo] —>• 0 , 
i=i 
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where, for every j = 1 ,..., /c, Pj(ai, 02 ) is either identically zero or a homogeneous polynomial 
in the two variables 01,02 of degree j. From [H Theorem 1.2] (see also ([7])) we have that, for 
every i < k, 

Pi(^cos (tto + (“0 + j’x)) = 0, for all j = 0,1,...,/c - 1, 

where oq is as in ([6]) (i.e. ao + j^, with j = 0,1 ,... , fe — 1, identify the directions of the k 
half-lines tangent to the nodal lines of the eigenfunctions associated to Aq). The conclusion 
follows directly from Lemma l.l.dl □ 


From the expansion (jlip - ()12p in Lemma o it follows that 
(40) |Aa-Ao|=0(|oh 


as joj ^ 0 along any direction. Exploiting ()40p we can perform a sharp blow-up analysis prior 
to the estimate from above of the eigenvalue variation Aq — Aq. 

Let a G [ 0 , 27r) and p = (cos a, sin a). Arguing as in [I] we can prove that, for every 
5 € (0,1/4), there exist rs,Ks > 0 such that, for all R > Ks, 

(41) the family of functions {^(pa : a = jajp, jaj < ^} is bounded in 


where 

(42) 

and 


<Paix) : = 


Ha,5 ■■ = 


Ks\a\ 


<Pai\a\x) 

|<^aP ds. 


IdD 


Ks\a\ 


Furthermore, from [TJ Estimates (113) and (114)] we have that 


rs 


Ks' 


(43) Ha,s > Cs\a\’^+^^, if Ja] < 

for some C 5 > 0 independent of a, and 

(44) Ha,s = as Jo] ^ 0 


Eor a precise proof of such estimates we refer the reader to [T]. Here we only mention that 
they proceed from suitable integrations of the monotonicity formula. 

We observe that (pa weakly solves 

(45) (iV -h Ap)‘^ipa = JoJ^Aaf^a, in = {x G : JaJx G H}, 

and 


(46) 


-f 

Ks JdDKg 


\(Pa\^ds = 1 . 


Let R > 2. Eor jaj sufficiently small we define the functions Vj^n^a as follows: 


Xj,R,a 


„,int 


in n\L»^|a|, 

in 


j = l,...,no, 


^j,R,a ■ ^ 


7>7 


in n\Dji\a\, 


where 
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with as in and 6a, 6 q as in (fT^ (notice that is smooth in O \ Dji\a\), so 

that it solves 

I (iV + in \ D^^al, 

X'^tka = on d(fl \ Bjiiai), 

whereas ^ is the unique solution to the minimization problem 

[ \{iV + Ao)vl%^,{x)\^ dx 

|(iV + Ao)u{x)fdx : u G ,C), u = on dDR\a\ \ , 


= mm ' 


' D 


H|a| 


SO that it solves 


(iV + AoYvJ^}^^^ = 0, in D^^a], 


” Aa = on dDji^a\. 

It is easy to verify that dim ( span{ui,i?,a,..., Vno,R,a}) = m. 

For all i? > 2 and a = |a|p G hi with |o| small, we define 


(47) 


<Aa(|ak) 


ZYix) : = 




Arguing as in [U Lemma 6.2] we can prove that, as a consequence of (|4ip and the Dirichlet 
principle, 

(48) the family of functions ’■ a = |fl|p, jaj < ^} is bounded in 
Theorem 3.5. For every R> 2, 

||^no,R,a 7^0 II(f 2 ,C) — O Ha^kj OS Cl — |fl|p t 0 . 

Proof. Let 72 > 2. We first notice that Vno,R,a —t cpo in 77Q’’^(n,C) as jaj —>■ O'*’. Indeed 

[ \{iV + AQ){Vno,R,a - Po)\‘^ dx = f 16 2 (iV + Aa)(/?a “ (iV + Ao)(/9o ^ dx 

JQ JQ 


+ 


dx 


V^(iV + Ao)zY - |a|'=/2(iv + Ao)Wa 
[ v^et(®o-^p)(zV + Ap)(^,-|a|'=/2(iV + Ao)iya) ^ dx = o{l) 

JDu ' 


in view of ([21]), (gl]), (US]), ([30]) and (|iil) . 
From [U Lemma 7.1] the function 


F : C X 77o’°(0,C) 
{\P) 


xMx (Fi’°(L!,C)) 


PPo dx ), (iV + Ao) V - 


is Frechet-differentiable at (Ao,(po) and its Frechet-differential dF(Ao, (po) is invertible. In the 
above definition, C))* is the real dual space of JdQ’^(fi,C) = IIq’^(Q, C), which is 
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here meant as a vector space over M endowed with the norm 




\l /2 

I (iV + Aq)u\^ dx j 


Therefore 

l-^a -^ol T ||^no,-R,a IIHq’'^(£7,C) 

< ||(dF(Ao, (^o)) ll/;(RxRx(Hp;°(Q,C))*,CxHg’°(O,C))ll-^('^“’'*^»^0,fi,a)llRxRx(Hp;°(Q))*(^ +o(l)) 

as |a| —)• 0"*“. To prove the theorem it is then enough to estimate the norm of 
F{Xaj VnQ,R,a) — Paj'^a) 

— ^ll'^no,-R,a||A q, ffm (Jq VnQ,R,afO dx^ , (*V + ^o) '^no,R,a ^aVnQ,R,(^ 

in M X M X (i/Qg(f7))*. The estimates of j3a and Wa can be performed as in [U Proof of 
Theorem 7.2] obtaining that 


Pa = o{,/lI^s) and lka||(^i, 0 (f 2 C))* 

as o = jajp —?• 0. As far as aa is concerned, differently from [T], the estimate of PQ Proposition 
6 . 10 ] which, in the case a = 0 , implied that JAq — Aq] = 0{Ha^s), is not available after 
preliminary estimates of the Rayleigh quotient for generic values of a since (^p(l) — \/vr) can 
have any sign. This difficulty can be overcome by observing that (1431) and (I40p imply that 
|Aa - Aoj = 0 (|a|^“'^v^i 7 a, 5 ) and then 


\^a -^ol — o( 

as a = jajp —)• 0. Then, from (|41l) and (|48p . we obtain that 


O^n. — 


( f l(^^ + ^o)'yn”*i?,al^“ f |(*V + Aa)(/?aj^ dx I + (Aq — Aq) 

[ \iiV + Ao)Z^\‘^dx- [ l(zV + Ap)(^,l2^x)+(Aa-Ao) 
yjDii Jdr j 


= 0 {y/Ha,s), 

as a = jajp ^ 0 , thus concluding the proof. 


□ 


From Theorem 13.51 and scaling, it follows that, letting a E [0, 27r), p = (cos a, sin a), and 

R > 1, 

2 


(49) 


[w^)\Dr 


(zV + Ap) (^<faix) - J^IT, 


dx = 0 ( 1 ), as a = jajp —)• 0 . 


Theorem 3.6. For a E [0, 27r), p = (cos a, sin a) and a = jajp E Q, let ipa E Hq°'{Q,C) 
solve UtM20\) and (po E Hq’^{Q,C) be a solution to ([3]) satisfying ([I]), ([1|), and (H. Let (pa 
and Ks be as in (H 2 l) . (32 as in and Tp be as in Proposition \2.1[ Then 

|a|^/2 


(50) 


lim 


Ks 


l4^o+ I/32I y IdDfcg l^pP'^s 
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and 

(51) 


A / Ks 

1-^21 y fdDKg 




as a = |a|p —)■ 0, 


in for every R> 1, almost everywhere and in \ {p},C). 

Proof. Step 1. We first prove that for every sequence an = |an|p with |a,i| —>■ 0, there exist 
"h G ^ 0, and a subsequence such that (pa„^ —;► $ in for every 

R> 1, almost everywhere and in \ {p},C) and $ weakly solves 

(52) (iV + Ap)2$ = 0, inM^ 

To prove it, we observe that from (|^T]) it follows that, for every sequence an = |an|p with 
I On I —^ 0, by a diagonal process there exists $ G , C), and a subsequence such 

that (fan^ weakly in for every i? > 1 and almost everywhere. ^ ^ 0 

since Jodk ~ ^ thanks to (Hbll and the compactness of the trace embedding 

H^’P{DKs,C)UL‘^idDK„C). 

Passing to the limit in (14511 . we have that <h weakly solves (|52p . whereas, arguing as in the 
proof of [H Theorem 8.1], we can prove that the convergence of the subsequence (pa„g to ^ is 
actually strong in C) for every R > 1. The convergence in CjQp(]R^ \ {p}, C) follows 

easily from classical elliptic estimates. 


Step 2. We claim that, for every sequence On = |an|p with \an\ —^ 0, there exists a subse¬ 
quence Oni such that 


lim 

£—)-+CXD 





is finite and strictly positive. 


To prove the claim, we argue by contradiction, assuming that 

la 1^/^ 

(i) either there exists a sequence = |a„|p with la^l —)• 0 such that lim„^+oo fZ = 0 

'\/^an,S 

la 1^/^ 

(ii) or there exists a sequence = |an|p with \an\ A 0 such that lim^^+oo = +oo. 

y tian,5 


If (i) holds, then, by step 1, along a subsequence, (pa^^ —$ in for every i? > 1, 

for some <h ^ 0 weakly solving (j52ll . Then from ([30]), passing to the limit in ()49p we would 
obtain that 


/ 


K2\Dfl 


|(iV -I- Ap)$(x)pdx < -l-cc. 


contradicting the fact that ^ 0 is a non trivial weak solution to ()52p (and so cannot have 
hnite energy otherwise by testing the equation we would get that <I> = 0, see [T] Proof of 
Proposition 4.3]). Hence case (i) cannot occur. 

If (ii) holds, then from (14911 we would have, for all ii > 2 


H, 


a,S J D2h\Dr 


(iV + 


dx = 0(1), as a = 


o|p 


0 , 
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and hence, in view of pO]) and m, passing to the limit along the seqnence we would obtain 
that 


Hn 


' D2r\Dji 

\k 




H, 


dn.S 


L 


D2r\Dr 


dx + o(l) 


\Vil}k\dx + o(l) = 0(1), as n —+oo. 


la 

which is not possibile if lim^^+oo ^ = +oo as in case (ii), since j£) 2 R\DR Wi^kV^x > 0. 

Hence also case (ii) cannot occur and the claim of step 2 is proved. 

Step 3. From steps 1 and 2, it follows that, for every sequence a„ = (|0^1,0) = la^lp 
with \an\ 0, there exist c € (0,+oo), $ G weakly solving (f5p) . I> ^ 0, and 

la 

a subsequence such that lim^^+oo = c and (pa^ —)■ in for every 

R> 1 and in Ojq^(M^ \ {p},C). Passing to the limit along in (|ipl and recalling (l30]l . we 
obtain that, for every R > 2, 


f (iV + Hp)('$(x) — c/3e2(®p 
Jm^\Dr ^ 


dx < +00, 


where /3 is defined in pip . Hence from Proposition 12.11 we conclude that necessarily 
(53) <1 = c/3^p. 


Since ^ J. 


Ks JdDR^ 


ds = 1, from 
1/2 


and the fact that c is a positive real number, it follows 


that c = t4t(t -^ • Hence we have that 

1^0 l^prdsJ 


~ ^ 

Tip: 


Ks 




\p\ V !aD^ P 


in for every R> 1 and in \ {p},C), 


and 




| fc /2 


Ks 


H, 






Since the above limits depend neither on the sequence {an}n nor on the subsequence {on^}^, 
we conclude that the above convergences hold as |a| ^ O"'', thus proving (I^UP and ([^T]l . □ 

Remark 3.7. Combining (l50P and (f^ we deduce that 

Pa{\a\x) ^ (32 


l|fc/2 


—>• —^^'p as a = |a|p —)■ 0, 


vr 


in R^’P(Il/j,C) for every R > 1 and in \ {p},C). Furthermore, arguing as in [TJ 

Lemma 8.3], from Theorem 13.61 we can deduce that, letting as is ( 03 ), 




R 


(32 


Ks 


ho Kg 


zr as a = |a|p 


0 , 
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in for every R > 2, where zr is the unique solution to 

f (iV + AofzR = 0, in Dr, 

Thanks to the convergences of blow-up sequences established in Theorem 13.61 and Remark 
EZl we can now follow closely the arguments of [U Subsection 6.1, Lemma 9.1] thus obtaining 
the following upper bound for the difference Aq — Aq. 

Lemma 3.8. For a € [0, 27r) and a = |o|(cosQ;,sina) G O, let Aq G M and ipa G 

solve m9\\2U\) and Aq G M and tpo £ solve Q. If ^ and (HD hold and (fOp is 

satisfied, then, for a = |a|(cosa,sina) and p = (cos a, sin a), 

limsup '^° < |/3p /cv^(^p(l) - 0r), 

|aK0 |ar 

with fi as in dap and ^p(r) as defined in dMP. 


Collecting (]38p and Lemma 13.81 we can state the following result. 

Proposition 3.9. For a G [0,27r) and a = |a|(cos a, sina) G fl, let ipa G ifg’“(n,C) and 
Aa G M solve il9\\2(M and Aq G M and (po G solve dSP. // ([ip and & hold and (USD 

is satisfied, then, for a = |a| (cos a, sin a), 

^ ky/nf{a), 

where 

(54) / : [0, 27r)R, /(a) = (^p(l) - y^), p = (cos a, sin a), 

with j3 as in dap and ^p(r) as defined in dap. 


4. Properties of /(a) 

To prove our main result, we are going to investigate two suitable symmetry properties of 
the function /(a). Let us define two transformations IZi,IZ 2 acting on a general point 

X = (xi,X 2 ) = (rcost,rsint), r > 0, tG[0,27r), 

as 


(55) 


) / ^ ■ 2l!L 

Ism ^ cos - 


i.e. 

and 

(56) 


7?.i(rcost,Fsint) = ^rcos(t -|- ^),rsin(t -|- ^)^, 


7^2(x) = 7^2(Xl,X2) = (xi, -X 2 ), 


i.e. 


7^2(FCOst,Fsint) = (rcos(27r — t),rsin(27r — t)), 


The transformation TZi is a rotation of and TZ 2 is a reflexion through the xi-axis. 
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We would like to study how the coefficient ^p(l) (see phll l changes when the above trasfor- 
mations act on p. In particular, we are going to prove that such a quantity ^p(l) is invariant 
under the transformations TZi , 7^2 • 

In order to obtain such an invariance, we first study the relation between the limit profiles 
^piTZjix)) and j = 1,2. 

Lemma 4.1. For p = (cos a, sin a), a G [0,27r), let ifip be the limit profile introduced in 
Proposition \2.1\ and let TZ\ , 7^.2 he the transformations introduced in (|55p and (I56p . Then 

(57) = 

and 


(58) '^'R-2{-p) ~ —e*®^2(p) (ij/p o 7 ^ 2 ) • 

Proof. In order to prove (l^7p . we observe that, by direct calculations, 

(59) (Ap o7^l)(x) = A^-i(p)(x)M^"\ 

(60) o 7^l) = -e^^e^^°fik, 

(61) 


Furthermore 


and 


so that 
(62) 


0p(7^l(x)) 


Vi(p)(®) + X> ifaG[x>2vr), 

+ifaG[0,f), 


0P(7^l(x)) 


+ ifaG[f,2vr), 

+ ifaG[0,f), 




= 0p o 7^l - O 7^l. 


Let us denote 'l'p(y) = fi'p(7^i(y)). By direct calculations we have that, since fi'p weakly 
solves the equation (iV + ^p)^'Lp = 0, the function ^ip solves (iV + (Ap o TZi)Mk)‘^^p = 0 
and hence, in view of (1^^ . 

(63) (iV + = 0, in in a weak *^P)-sense. 

Passing to the limit in p49p and taking into account (13011 and Theorem 13.61 we obtain that, 
for all 7? > 1, 


(64) / + Ap)Up-ei^^^-^o+So)^A 

7r2\e»h ^ ^ 

-I 


dx 


/R2\Dfl 


(fV + Ap)4'p - 


dx < + 00 . 
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By the change of variable x = TZi{y) in the above integral, using and (l6^ we 

obtain that 

2 


(65) 


/ 

Jm 




(iV + Ap)^p(x) - 


dx 


[ (iV + ^^-i(p))^p(y) + 

jR2\Dfl 1 




i'^ipkiy) 


I 

Jr 


R2\Dh 


From 


+ ^7^^^(p))( - e-^^'^p)iy) - (p) 

and Proposition 12.11 we conclude that 
-e-F-S = 




*VV’fc(2/) 


dy 


dy < + 00 . 


thus proving (f57)l . 

To prove (IMl) . we first observe that direct calculations yield 


( 66 ) 

(67) 

Moreover 


{^n 2 {p) o 7^2)M ^ = -Ap, where ^ , 

V’fco7^2 = '^/’fc, V'ipk{T^2{x)) = V'ipk{x)M~^. 


0p(7^2(x)) = 


_ Jdvr - 6 l 7 ^ 2 (p)(x), if 6 »p( 7 ^ 2 (x)) G {a,a + Itt), 


271-- 07 ^ 2 (p)(x), if 6 »p( 7 ^ 2 (x)) = a, 


if a G (0,27r), 


0p(7^2(x)) = 


_ J 271 - 07 ^ 2 (p) (a;) = 271 - 6 »p (x), if 9p ( 7^2 (x)) G (O, 27r), 




if 0p(7^2(x)) = 0 , 


if a = 0, 


and 


0P(7^2(x)) = 


_ JdTT - 6 ^^^^\x), if 0 ^( 77 . 2 (x)) G (a, a + 27r), 


277 - 0 ^^*'*’^(x), if 0 ^( 77 . 2 (x)) = a, 


if a G (0, 27r), 


9S'(W2(x)) = W2(x)) = if«oW‘5{0.27r), 

^ ^ ^ \-eoix) = o, ifeo{x) = o, 


so that 



(68) 

- 6»7e2(p) = ^p o 772 - o 772, in \ {tp : 

tG [0,1]}, 

and 



(69) 

eteo(7^2(y)) =_g-f0o(y)^ inM2\{(xi,0) : xi 

>0}. 


Let us denote 'l'p(?/) = — e*®7^2(p)\I/p(7^2(y)). In view of (|66|) . it is easy to verify that 'Lp 
solves 


(70) (iV + ^ 7 ^ 2 (p))^^p = 0, in in a weak -sense. 

By the change of variable x = 77-2(y) in the integral (l6^ . using ([66]l . ([67)l . ([68|1 . and (l6^ and 
observing that, by (fT8|) . = 1 in \ Dji, 
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we obtain that 
(71) 


[ (iV + 2lp)^'p(x) - 
Jm^\Du 


dx 


[ (^V + (^po7^2)M)(-^'po7^2)(y) 

Js.'^XDr 


/R2\E)^ 

/ 

/lR2\Dfl 
/R2\L>H 

^R2\Dfl 


dy 


dy 


(iV - A 7 e,(p))(-'I/p o 7^2)(y) - 

[ e*(®^2(p)-®(?"^'’’+®o) (iV - Al7e2(p))(-^p o 7 ^ 2 ) - e5(®^2(p)-®(?"^'’’+^o)iVV';, 

yR2\L»R 


dy 


[ e*®’^2(p)(zV - Al7^2(p))(-^'p o7^2) - e^K2(p)-C"''’^+«o)^y^^ 

Jr2\Dp 


dy 


/R2\Dfl 


(iV + 7l7e,(p))^p - 


dy. 


From dZQD, dzn) and Proposition 12.11 we conclude that 




thus proving 


□ 


We are now in position to prove invariance properties of the function p 1 —)• ^p(l) under the 
transformations (f55]l and (fSGl) . 

Lemma 4.2. Let TZi,TZ 2 be the transformations introduced in dSSD-dSSl), a G [0,27r), and 
p = (cos a, sin a). Then 


(72) 

and 


^7ef^{p)(^) “ ?p(l) 


(73) 

where ^p is defined in (ESI). 

Proof. We first notice that, from (fHll . 

27r 


e7^2{p)(l) =Cp(l), 


(74) 

and 

(75) 


V ’2 (.s +-^^ = —e*fei/) 2 (s), for all s € 


V^2(2vr — s) = —e “V' 2 (®)) lo^ s G M. 
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By the change of variable t = s + ^ in the integral defining Cp(l), from (f7¥)l . (I62]l and (l57)l 
we obtain that 


p27T _ 

Jo 


= —e 


p2n _ 

/ e-i(®p-®o)(^l(“""’““*»^p(7^l(coss,sins))V^^(s)ds 

Jo 


p27r 

Jo ' 


(cos s,sins) 


g 2 V 1^1 Up) 


'I'^-i(p)(cos s, sin s)ip 2 is) ds 


thus proving (1721) . 

By the change of variable t = 27r — s in the integral defining ^p(l), from (175]) . (|68|) . ([58]) . 
and (fTHll we obtain that 




^27r _ 

Jo 


r2TT 


I 

I 

I 


r2TT 


2tt 


e-!(ep-'?o)(^2(coss,sins))^^(^^(pQg^^g-^^^)gi0o(coss,sins)^fc^^)^^ 

! {Oq ^)(cos s,sins)(P) (c°«*)(p)(cos s, sins)e *®°ds 

~ ^ ) (cos s,sin s) —z f —^o) (cos s,sin s) .j, / • \ /^/ \i 

3 2V^2(P) 0 yv ^ V 0 u;v > ''W7^2(p)(cOS5,Sin5)'02('^) 


g-l j(c°s 

= ^7?.2(p) (^)’ 
thus proving (1731) . 

Let / be the 27r-periodic extension of the function introduced in (j54l) . i.e. 

(76) /(®) 's(cos a,sin a) (f) ^ ^ 

with ^p defined in (f35]l . 

Corollary 4.3. Let f be defined in (1761) . Then 

/(a) = /(a-x) /(a) =/(2vr - a) 

for all a G M. 

Proof. It is a straightforward consequence of Lemma 14.21 


fl'^2(p) 


)(c 


□ 


□ 


5. Proof of the main result 

From Lemma [1.1 1 and Proposition 13.91 it follows that, under assumption ()13p . the homoge¬ 
neous polynomial P ()12p of degree k appearing in the expansion (jlip is given by 

(77) P(rcosa,r sina) = r^|/3p/cv^/(a), r > 0, a G M, 
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with / as in (|76p . Furthermore, from Corollary 14.31 and (1771) . we have that the 27r-periodic 
function 


(78) 


9 ■ 


> M, g{a) := P(cosa,sina) = ^^Cj(cosa)^ -^(sina)-^ 

j=0 

satisfy the periodicity/symmetry conditions 

(79) g{a) = g{a + and g{a) = 5 ( 2-71 — a), for all a G M. 

From [U Theorem 1.2] we also know that 


(80) 


I do P 

Co = 5(0) = > 0, 


with iTifc being as in (| ^ - (fTn]l and /32 as in ([5]). 

Lemma 5.1. Under the assumptions of Lemma 11.11 and (d, let P be as in (d-d and g 
be defined in (d). Then 


9 {ot) = 


Co 


nLi sin (^(2£ - 1)) 


^ n - 1) - «) , for all a G 


Proof. From (f8n|) and ([79]) . we have that 

/ N / 271 

(81) 


5 (j -^)>0 for all j = 0,1,..., 


k -1 


Moreover, from ()78p and oddness of k, we have that 

(82) g{a + tt) = — 5 (a), for all a G M, 
and hence from (f79]l we deduce that 

(83) g(^^+j‘^'^=g(n+{^-n + j^ 


= + V")) = = “5'(0) < 0 / = 0,1,..., 


k-l 


From ([ 8 T|) and (f83]l we infer that g has at least k distinct zeros 61 , 62 ., ■■■ ,0k in ( 0 , 7 r) such 
that 

(/ all j = 1 ,..., k. 

In view of this fact, we aim at factorizing the function g. For every a G K \ {£ 7 r : £ G Z} we 
have that 


(84) 

where 


g(a) = (sin a)(cot a) 


From (1801) the 1-variable polynomial P has degree k. Furthermore, by (|84p . cot 61 ,..., cot 6 k 
are k distinct real zeroes of P. Therefore from the Fundamental Theorem of Algebra it follows 
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that P{t) = cq nf=i(^ “ cot 6 j), and hence, in view of 


g{a) = Co (sin JJ(cot a — cot dj) = cq JJ(cos a — cot 6 j sin a) 




i=i 


= Co 


fc ^ /c ^ 

-— (sin0,'cosa — COS0,'sina) = Co 1 | -sin(0,'— a), 

sint^,- sin0,' 


i=i 


i=i 


for all a G M \ {I-k : ^ G Z}. Then, by continuity, we conclude that 


(85) g{a) = co U: -—— sin(0j — a), for all a G M. 

j=i 

We notice that (1551) implies that the values 02, ■ ■ ■, are the unique zeros of g in the 
interval (0, tt). In particular, for every j G {1,..., A;}, 


( 86 ) 


6 j is the unique zero of g in the interval 




From (f7^ and ([5^ we have that 

s{h + (j - l)f) 

^(g{9i), if j is odd, 

+ TT + (j - l)f) = -g{9i + {j -1 + /c)f) = -^(^i), if j is even. 


and hence, in view of (l 86 )l and since 0i + (j — 1)^ G ((j — 1)^, j^), we have that 
(87) 9j = 01 + (j - l)p for all j = 1,..., k. 

From (17^ it follows that g{ — 9i + = g{—9i) = g{2Tr — 0i) = 0 ( 6 * 1 ) = 0; therefore, since 

—9i + X ^ (f ’ x)’ fro™ ([ 86 ]l and ((871) we can conclude that — 0 i + x = ^2 = + f and 

hence = ^- Then from ([571) we deduce that 

9j = ^( 2 j - 1 ), for all j = 1 ,..., k, 

thus reaching the conclusion in view of (|85p . □ 


Lemma 5.2. Let k be an odd natural number. Then 

k 

( 


i=i 


i-fc 


cos{ka) 


for all a G 


Proof. Since the complex numbers e* * ^ with j = 1, 2,... , A: are A:-th distinct roots of unity 
and k is odd, we have that 

k 

l = - 2 ) , 

i=i 


( 88 ) 


for all 2 ; G C. 
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Since 


vr 


sin( ^(2j - 1) - a) = 


2 i 


= _ p*(2a+f = lp-»«p-»4(2i+l+fc) _ p*(2«+f) 


= —e e 2fc^ 

2 i 

from ([88|) we deduce that 
k 


k) ] = -e ‘“e 2 fcv 


n®™ - 1 ) - «) = *2(1+*^) 


i=i 


2fc 

1 


n 

i=i 


_ _j_g-ifeag-i7r(l+fc) _ gi(2fco+7r)^ 


e fe ■ 


gi^i -e*(2«+|) 


2fc® 


—ika. 


1 + e- 


2 kia 


1 


=2^-^COs{ka) 


thus proving the lemma. 


□ 


Proof of Theorem I j. Hi From Lemmas 15.11 and 15.21 it follows that, under the assumptions of 
Lemma o and (|13p . the polynomial P in (llll) - (|12p is given by 


I ^2 1 2 

P(r cos a, r sin a) = —4— —cos(/ca), 


vr 


thus proving the conclusion in the case in which assumption (I13p is satisfied. The general case 
/3i 7^ 0 can be easily reduced to the case /3i = 0 by a change of the cartesian coordinate system 
(xi, X2) in which rotates the axes in such a way that the positive xi-axis is tangent to one 
of the k nodal lines of tpo ending at 0. If /3i 7^ 0 and oq is defined in ([U]), the nodal lines of (po 
at 0 have tangent half-lines forming with the xi-axis angles of oq + j = 0,1,... , A: — 1. 
If <poix) = ipo{R{x)) and <paix) = (pa{R{x)) with 


R{xi,X2) 


/ cos Oq 
\ sin ao 


— sinoo 
cosao 



it is easy to verify that ipo,(pa solve problems 

(iV = \o(pQ, (vV -b = ^aPai 

in the domain R~^[Q). Moreover 

®l A- *1 A- 

r~ ^ ^‘^(po{r {cost, sin t)) jdi^-^cos (-t) -b ,02^ sin (-t) in C'^’’'([0, 27r], C) 

7T \ 2 / yj TT \ 2 / 

as r —>■ 0'*', where 

_ if fcos(^ao) -sin(|ao)\ // 3 i\ 

\AJ ysin(|ao) cos(|ao) J V/^2/ 

From ([6]) it follows that /3i = 0 and hence \$ 2 \'^ = l/3iP + |/32p- Since we have already proved 
the theorem in the case /3i = 0, we know that 


^ I /32 P 

— , ° —>■ —4 ——rrifc cos{ka), as a —)> 0 with R~^{a) = |a|(cos a, sin a), 


vr 
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which yields 

^0 - Aa ,|/?lp + |/32p /.(a \\ V n '-I-L \ \l Q ■ Q\ 

—j—rr- > —4-rrifc cosikid — aoj), as a —)• U with a = a (cos a, sint^j, 

|ap vr 

thus concluding the proof. □ 
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